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Definitions

1. Define Span{vy,vs,v3}.

P emed
= Z y AR 2 b= GVt Vet §
' gbi sorma C, 12,3 a R

= Ju seto§ U G ¥at can \g.a‘"“‘\_, by _}Suﬂ-'a? &aﬁﬂ-’q
v.l’,lt u]

2. Define linear Independence of vectors {31,32, v3}.

§$5,02,95 % 05 Rineally inflagendint

& 3
#a %uﬁon X.V:+X;V;*X3V3=O
has LINTR, A A arioeadl Soluhon

3. Define “T : R™ — R™ is a linear transformation”

T(+7)= T(R) + () 6_'\ ALL T{I"}' A TRY
D Al ALL <& n [
TCe#)= <T@ == |

4. Define “T : R®™ — R™ is one-to-one”
T((X) =5 Whas AT MOST om sg’«.‘{\’oﬂ
6’6\ ud-\ ‘;‘ NN TRW\

5. Define “T": R™ — R™ is onto”
TR)=F e AT LE,A'SI ore.  soludion
fre eadh G -~ R"
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General Linear Transformations

1. Let T : R® — R3 be defined so that 7'(x) = Ax where

1 =8 =2 1 -1 1
A=1|-1 2 3|, u=|0 |, b=1|2|, and c 2
1 =4 =i ] 0 5

3 (s R)=k ?

(a) Compute (). Tg & So W o _\_CU\) = .

\ » SN . | -3 -2 J - 3
?_\\( _E\\_ T(RA) = [—l a 3 J{OJ- l-c{] 'jé &g
S -l 2

—

R ¢ WET g Solwina o TR=6

(b) Find all solutions to the equation 7T'(x) = b solle AR =(@

Sl 1 -3 -2
s 2 3 2\~
1 Y - | °

l
o
o)
| =3 -2 |- | o -5|-91 ]h-37
i o
E

) o =5 | -y X, —5x3=-f x = =15
~lo 1 A & X, -X3=-| D Xz -l+g
0

X3 fae X3 fran

" - .
(¢) Is ¢ in the range of T'?7 Justify your answer. gb( Ai‘ =C S G"Q*A" dAs SR

- X, "q +3X3
it -3 -2 ' ( -3 -A - A)‘(}_: X.l = -V +x3
-| a .3 Q ~ o - \ , X o '\-).(.?
I -9 =} S ::[:?{]1-,\’ S]
o A J e o S
-3 -& | -
e :) - y oo/\i‘"““‘-

1] i e

l
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2. (No Computation) Define T : R? — R® be defined so that T'(x) = Ax where

-

(a) What is the domain of 77 Q? %‘M‘Q whae X has 2 PMS)
domaxn = (\7\1

SCANN;U"
(b) What is the co-domain of 77 ggm-a_ aciaoss Pfo&-\(l‘ DLC‘\J
w/ 3 vovs
Co- &omir\ = |R3

(c) Describe the Range of T" as the span of a set of vectors.

R R*§
e - T(K)*’-l’ 9"& o K€é,
Rog =0T DR

Se [t - 3 7 B
(d) Sketch the general form of T" as a function from the domain to the co-domain.
Use a square to represent R? and a cube to represent R3.

-
] ( - 9 o
dopan = R2 Co —doram

3. (No Computation) How many rows and columns must a matrix A have in order to define a
mapping from R® into R by the rule 7'(x) = AX?

/N

oubpat
= row

f\?k“d

- Lo'-*“"’ 5

Ais Zx5
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4. Let X = ‘:il], v, = [ 25], and vy = [ 32], and let 7 : R2 — R? be a linear transformation
. _ _

N

that maps X to z;V; + z2Vo. Find a matrix A so that T'(x) = Ax for every X.

X( U’i & X‘)\T;

"li-ﬂ ”’i}’}

2 3|
-5 -2 ) £%
\___./\/

A

Td)

1

\!

5. Find the standard matrix of the linear transformation 7" : R? — R? that sends e; to e; — 3e;

and leaves e, unchanged.
[1-30¢]= (4]
9]

A': Tee) T(Q:)] - -'3 ?

"

T@) -2, - 3¢,

T@E@)=%,
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6. Suppose that A and B are m X n matrices, and that x € R"™. Ry /L% o /\l? D orin, -I'v~.’o~/\5 \"\.
—_ — —_ . . II T T . - "lll
Prove that (A + B)x = Ax + Bx from first principles. /,- b Compuin ™oAS
| ' .
S— IL po A Cope VS ) . /

Hf, A= [& - &= \ y.

X
a-\& ;(J‘: K»
X

Than :
(A+B)R = Ua'.»«a) - @) Xu

= Xl(a‘f"‘c\) +"‘+ X (;u"’gn)

. R = I ot
- tx-z",‘,x(g‘ +...:+ xv\a—:\ "“’ K‘\ L'\
i Rl R .

Ve o & = oo = =

- ”
—— -
- - -
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6. Prove that 7'(x) = 3x is a linear transformation.
=

PeQ | T 5 lun & T(R+Y) =T@) + T(T)
AND
| T(R) = cT@ ol el

and | AV
C o Mputt oo
SEEL TR = 3.(%49) = 2R + 29 - TE@HTE)
. v
@T(cK) = 3 () = ¢33 = ¢TE)
t N | v
M« B
P T l‘$ ﬁ\'&p\

-
7. Prove that T'(x) = 3x + 1 is not linear transformation whe 1 = LiJ

] )
P @ TG is Lraa & (X +Y) = T(R) ~TE@)
A ND
T(R) = ¢ T(@)  fo b ER
and Ml @,
C ountin example

?;Lk 'I'i: L’Lj anl F\}, :[_2]
1@ H(24T) = T(11:12) =T =[3:344] =[0]
Buc -

%) @) = TEDAT@Y) = [3] [ )= L]
‘/?I"" 3

S

T i wor Linae
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8. Let transformation T : R2 — R3 be a linear transformation with

1 -1
T(e;) = EO and T(ez) = [ 3 ‘I ;
0

1

cenand Ay
(a) Find the standard matrix A of 7' %U"W\L OR'

O M

3 Loman=R™ co -omain =R’

(b) Determine if the transformation 7" is one-to-one.
\ s)
T om-to-o0aL S COQMM‘\S ag }t AL “‘Q’fb‘ +.

unt  Sdidions o A')_‘( =3

I -t| b (t -1 |]©O i =1 o I =t |6
O2 |o|l~|o 3]0 o~ o |o[~[]0 t]o
)} o |0 ol lo o 1[0 o o9
1
Pivob i~ Qﬂ‘-astoema-.
Unigut selifran
=)
A S |‘AQ‘?
T 5 om-4o- o,

(¢) Determine if the transformation 7" is onto.

T s onto & CJQ'AM..: v( A Spa= ’Ri
= Piuol- in tadh row.

Rul oo Pivot i~ Rouw3

So T is WNot ontv.
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9. Let transformation 7 : R® — R3 be a linear transformation with

2 2 0
T(e1) = |-2|,T(e2) = |2| and T'(e3) = |4].
0 1 1
(a) Find the standard matrix A of 7. G’QV\P.T"GQ %ﬁw\ 0{- T
—
Azf 2 2o
.: T 7 Qoo = R3 c.o—D-bm;n=|'R3

(b) Determine if the transformation 7" is one-to-one.

T S onmt-bk-om & Coluumng A A o “,\&':(-.Qn.“

2 oo

2 a © A 2 a ol o
“-x A Y|lo[~]O 49 d|o|~]0o 1 1]6
6 (| ]o o | 110 o (L 1 |0
* 2 o0 |6
~ |l o I | |©°
0o 0o o0 }o
/r

popisot b ad3 D A wek en&.f)‘-l' NOT 6w -H-04

(c) Determine if the transformation 7" is onto.

T is ot & clumms f A spers
¥ 34 plvok M 2adh row.

Bur
Ao piuot i~ Row3

'@ T Mor oato.



Exam II Review Math 202 Class 24

Name: Section:

» A is 3x2 B

10. Suppose that T : R? — R? is a linear transforma lorqrwmh standard form matrix A.

Prove that T is not onto. (Cite all relevant definitions and theorems by number).

PeQ T S ML, & lumus £ A Span mx

E A v Puot in  @ada MOW

Buf‘

—

gou commst A3 ook
R ink A C_'Quw\n;

So.
1P T (Av\v\o“' lee OA"‘v.

11. Give an example of a linear transformation 7' : R?> — R3 that is one-to-one (Hint: define T
by choosing its standard matrix).

AN A=[‘SZ] Ko, TKE)2AR is om-to-onr.

—

12. Suppose T : R? — R3 is linear. Is it true that 7" is one-to-one if and only if 7" is onto? Why
doesn’t this violate the invertible matrix theorem?

RO, Buk e invehldt mabeix oo

ony aﬂ)Q.u l'os‘bku. Mmatr ea.
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5 A AN
P A s ax3 [ﬁ - =5

13. Suppose T : R3 — R? is linear. Prove that 7" cannot be one-to-one.

: Ha Standald madax A
Poq) T 8 oeheew & % + ol imns

LA s a ploot ¢ 2edh

e,

1Q But W  Caunot 6—\"“ 3 p.'oo"'!
wh 2 Cows

1P 30 T cCaunot e ona-4o-aw

14. Give an example of a linear transformation 7' : R3 — R? that is onto (Hint: define 7' by
choosing its standard matrix).

L A=T% %35)
o T(R®)= AR S onbo.

15. Suppose 7" : R3 — R? is linear. Is it true that 7" is one-to-one if and only if 7" is onto? Why
doesn’t this violate the invertible matrix theorem?

No .
Bacawse Ha TMT owut A(;(;Q;na\-o Sfers anafiey.
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Matrix Operations

1. Compute the following matrix operations, or explain why they are undefined.

2
3x3 3x *a
(b) BA X -
o ¢ 3 -3 (
it -a}[;.: 1.7
s | ax3 3 =2 6
¥2 - “.?x}
(c) A )
{2 0’?1‘ 3\ 3
o) -
1)
(d) 24 - 3B
o | ﬂ-w\e ;
2 o \ - . WS s ond
1[3§2 |]-3 s{ T DNvE ( Qo' oabd
(e) 2AT — 3B

10
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1
A= |1
1

3x3

(a) State the domain and co-domain of the transformation 7" defined by T'(x) = AX.

Qomain = (n‘w\" spr@ =R g :‘B
Co &om&«- — o«‘?d Sf‘“ = TR? - .-
™ R

(b) Compute A1

2. Let

W = Ot
o = O

| 5 o\l o o I $ o I 00
| ( 1o v of~]e -4 |- 1 0fRN
v 3 ofee 1] Lo -a ol-10 ] nmn
(S {t ¢ & I & o lo o
~lo o 1 ]1 ) -3n-ag L o ;a0 [0
O -2 o0 4 o ) o o | [ 1 -2
I-% ( so |4 0 O | o © |34 o 33 |]n5R
%,‘%VZ ~ [o o |l% o -./& ~ o | © A 0 A
o9 11, -2 o o | I -2
e
A-l
- 2 N
(¢c) Let b = —2] . Use the inverse of A to solve the matrix equation AX = b.
O N I S0 0 Y R |
B 2 - Wi Va o M
@

o - m - 4
X= A" 2 11
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3. Rewrite (AB)~!(B + A) using the properties of matrix operations.

(Careful: Multiplication is not commutative).

f
(AB)"(Bi—A) Rreut_ distabale
= (A9'B + (AB)Y'A
<M 2N
=Rg"A"B + BATA

=B AB+ B'T.
TRAT'R +B — canmat  Rpumiht

———

4. Rewrite (B + A)(AB)~! using the properties of matrix operations.

(Careful: Multiplication is not commutative).

(BN (ABY” fle Dished

- T A (AR
B(ﬁz) + R

R-B' A + AR A

"

= T,.-A" +A3A™
A & ABTAT e Cannd renk

12
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Square Matrices

The Invertible Matrix Theorem (IMT)

Suppose that A is an n x n matrix, and that 7 : R® — R" is defined by T'(x) = AXx.

Then, the following are equivalent.

Section:

Class 24

A is

inveah L‘j

13
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1. Suppose that A is an n x n matrix. Prove the following statements by “walking through the
tree” of the Invertible Matrix Theorem. You must show every step.

(a) Suppose that an n x n matrix A is invertible.
Prove that the columns of A span R™.
r— —
B A is iaveblels Her A A
So A e pn'\m"'ﬂ

S A las pioot n ead Row

Tlades, o clumns A A seRT

(b) Suppose that an n x n matrix A is not invertible. Prove that the columns of A
D St — —_— i
are linearly dependent. P

H A s mer invakble T A 90 T
So A Astan't have N pivods
Qo Jocat ave pivor in 2adh colams

—

Thors, B clumns @ A aw Qe penclet-

(c) Suppose that A is an n x n matrix, and that AX = 0 has a unique solution.
Prove that A is invertible.

ré A?:ﬁ has a u\v\tbhl Sﬁo'“ko"
FHan A as pivor- N ead- C-G‘Lg,ﬁ_-,__ﬁ_

So A heao =~ ?f\,w

So A NI!\
- . \
(d) Suppose that A is an n x n matrix, and that Ax = b does not have a solution

for some b in R™. Prove that A is not invertible.
rf Ax-=L Jacan't lana ave solackion
Tlam A ‘l",“'L A ~ pivot A eack row
o=
So A Qotemnt L wn ploot?

So A %In

14
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2. Determine if the following matrices are invertible using as few computations as possible.

s«bm/ (e) 4= B 421] Recadl

. e, olamn ¢S o
noltt Dlikel ok ot Tndep

AMD =2 ('\:’gﬁ Nf‘z‘« o man

= columns a :"&le“‘&""‘* 5 o mulhiph
of Ha ot

= A is ivehle i

(b) A= |72 6}

;.bwuu/ k-1 i
Mgle - {f}] s (—3)[ ‘Q]
and =2

S columans ane Dapendect
= A is pPor tc\uo\'\-:w
= (0 0) [' o °]

© | O

So_ A i iavaahbl

] 2 3 a 3
gb..u./ d A= |0 0 6] ~ [ ‘o o ;]
00 2 o ° >
1
NO Q'No“" in b coliuman
Dota~+ have 3 pioob
=
A is 20T s Aveailele.
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Theorems
NOARD
Theorem 2 There are 3 cases for the reduced echelon form of a linear system’s augmented matrix
1. The system has @) solutions if 14 Coatmiag : Lo ol .J
2. The system has 1 solutions if it o pivet uh eack o l# CoLLumy |

3. The system has @9 = MMM solutions if Soma  coeff. Lorwmy 0 acks ap:do"‘

Theorem 4: The columns of an m X n matrix A span R™

if and only if there is a pivot N Roey ROW.
9 —

Shortcuts to Recognize Dependence
e [f one column of A is a multiple of another, then the columns of A are linearly dependent.
e If {a),...,a,} contains 0, then {ay,...,a,} is linearly dependent.

e /f an m X n matrix A has more columns than rows (if n > m),
then the columns of A are linearly dependent.

Theorem 5 If A is an m X n matrix, u,v € R"® and ¢ € R, Then

and -3
e A(U+V)= @ + AU

oA(c-ﬁ)z C'A_u

Properties of Linear Transformations
-

e If T is linear, then T(B) - 0

e Tislinear < T(c-u+d-v)= CcT@E@+ &1—(;)

Theorem 10 Let 7°: R™ — R™ be linear.

Then there is a unique m x n matrix A s.t. T(x) = AX.

In Fact, A = }T(Qj) oo T(Qv\)

Theorem 12 Let 7°: R™ — R™ be linear with standard matrix A. T

(a) T is onto <= ‘\LL O‘Quw\us ,/x A seau\ RM F} A Wad ?\'.m&' in el Egt:
(b) T is one-to-one <= ra CoQMMu} )‘g A PINY i’&ﬁ“&o"’ E A W ‘,;\m{.

A eacl, ColumA

16
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Determinants
1. Let A = E %] Compute det(A).
A= 24~ (3 = 8-3=5
1 2 3
2. Let A= |3 1 2|. Compute det(A).
1 -1 1

= o 07

-l 1

03
-a.l? ".\,4- 3|'_']

I (- 260) = 2(30-2) £33 —1-1)

(1¢)  =-2(1) +3(3-0D
3 -2a-12 =-|

01 2 -
3. Let A= ,:1 0 5} Compute det(A).

2 6 0

- o s -4 |5 & 7\'\‘ ©
bk A= 0 6 o 1 l% o a6

= 0 -1(0=-10) + a(¢-0)

z o] - | (M) + 26

=)0+ 12

=9\g\

17
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1 k
4. Find ksothat A= (2 0
1 -

A vkl & Dk A #0

&I; ,'l"Zl k)a \I*_O ,,-.
= | (0-0) - w(e-1) + 0-(-2-0)

0
1| is invertible.
1 3

= | - L (S) *©

1
o
n
)

—_— S ——— - S —

A moukble © &) AFO

—

ok A - O-I:;{_u(," "‘}4-2

o

30
I k

() (o-ul)— k (0-k) + a2 (3% -0)
= L*+6k

A ."\J’A‘“W S o # wl+6k

@ o0F «(ue
S Qorn_ L #Fo ANO L # -6

18
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4. Let A = [

s 0 O
MLA):O o > 0 (-
o 90 3

—

ol Compute det(A).

o O

3

~
jo=]

-0 N O
SO O
N oo

1 2173 103 (00
L 1 N 7
(o) (o]

2 00
- ”\...o.l;:; :I-o.r;::

S

W —
o -]

(4)(2)(2-3-00)

!

= =12
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5. You can compute the determinant of a large matrix by reducing to echelon form
using only interchange and replacement, tracking how the determinant changes at each step.

(a) Interchange * @.\ps e SLﬁ"\ 03' € dodersminant
— I — — £q =
det | —ro— | = (-1)-det | —r1 — D
— 13 — — r3 —

(b) Replacement: &OUA"‘ c‘s!\v\?’( su‘an 4 Ha &#ﬂﬂfﬂﬂnf.

—= iy == ry

—r] — |
dt’tli—rz—-} =d6£|:—r2+3l‘1—j| r;*: rl"‘zrl

(c) Rescaling: 16 ‘r“ Ca= g‘_‘h - C0f\$‘l. owut 4 a o, wal"-

ry —— — 1 ——%‘0“ Ha
dct{—Q‘r2:|=(2)-d(€f[ j| ! ""3::\“4*

— 2 | R¥Fsfy
rs — g = '
1 4 2 4
6. Let A = 3 f é 100 . Compute det(A).
0 2 2 0
\ d 2 Y
dd A= ) o o o0 2 i pla gt
0 4 6 0O rz‘
0O 2 = ()
{ 4 22 | R
- a a 0 nleachan
) Beb)o 7 20 ' 4
oo o0 *

C RN -
0 N Laian
- ((0-&ble 3 30 o
0o 9 012
o
= (-8 (-2:2-2 &i‘l\::::'\M ralix.





